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We calculate the background independent action for bosonic and supersymmetric open 



string field theory in a constant 5-field. We also determine the tachyon effective action in 



the presence of constant S-field. 



Recently there has been a renewed interest in Witten's JT|,@ background independent 
formulation of open string field theory due to its relation to the tachyonic lagrangians. In 
H and the tree level lagrangian was constructed from the background independent 
open string field theory. The question of tachyon condensation in the presence of large 
.B-fields, which is equivalent to large world volume gauge fields 0,||, seem to lead to great 
simplifications. The non-commutative geometry @ simplifies the construction of soliton 
solutions which correspond to D-branes ||. 

In this letter we generalize the analysis of [H,[|3| an d @ to the case of constant S-field. 
Following Witten's construction we consider a two-dimensional action of the form 

I = I Q + I' , (1) 



where Jo is the bulk action and the boundary term I' describes coupling of the open strings. 
In this letter the bulk action describes the closed string background with a constant B-field 

J = J <PxVh(^h iS d i X' i d j X fl + b ij D iCj ^ - J (Pxj j B liV d i X' t d j X u . (2) 

Here S is the two-dimensional world sheet with the metric hij and coordinates X 1 . The 
ghost and anti-ghost fields are given by Cj and b %3 . The new feature of our analysis is 
to include a constant background S-field in the action. The theory is BRST invariant 
and has associated with it a conserved current J\ The corresponding charge Q — §daJ° 
satisfies 

Q 2 = Tij = {QMj} ■ (3) 

Above Tij is the stress energy tensor of the two-dimensional theory. The boundary inter- 
action has the form 

r = I v , (4) 

JOT, 

where the operator V is a local operator constructed out of the fields X, c and b. Witten 
has defined a gauge invariant Lagrangian on the space of open string field theories 
with the action ([]]). We use this approach to determine the invariant Lagrangian in the 
presence of a constant S-field. 

The ghost number of the operator V is zero, but it still may depend on the ghost fields. 
Following the construction of one must also introduce a ghost number one operator O 
via 

V = b-iO . (5) 

For the bosonic theory V can be constructed purely out of the matter fields. In a derivative 
expansion it has the form 

V =T(x) + A tl (x)d a X» + C flu d r7 X»d a X» + --- . (6) 

Since only matter fields appear in Eq. the ghost number one operator O is given by 

O = cV . (7) 

The action S of the background independent open string field theory is a functional of the 
boundary perturbation. It can be determined from the following bulk correlation function 

dS =<d I 0{Q, [ O >} . (8) 



In the BV formalism this can be written as 

dS = iyuj , (9) 

where ui is an odd sympletic structure and V is a vector field that generates the symmetries 
of u. 

In it was shown that the action S is related to the partition function Z by the 
following equation 

s = { - pl ir* + 1)z ' (10) 

where (3 l is the beta-function for the coupling u 1 . At the fixed point u* = 

5«) = Z{uX) . (11) 



In this letter we consider a quadratic boundary perturbation of the form 



O = cT and T =^^(A^) 2 . (12) 



8tt 

The action describing the scalar fields is given by 

1 [ffdX>*\* /dX'V dX^dX v \ 1> 



■I 

8^ 



s 

d9u^X^) 2 

dT, 



(13) 



Since we are interested in calculating the tree level action we take as our world sheet a 
disk D with a rotationally invariant metric. The flat metric on the disk is given by 

ds 2 = dal + dal a\ + of < 1 . (14) 

It is convenient to work with complex coordinates and we set z = o\ + ia^- The boundary 
of the disk in these coordinates is at \z\ = 1 and we parametrize the boundary by z = e lS . 
Varying the action (|13D we find that in the presence of the boundary term the scalar fields 
X^ must satisfy the following boundary conditions 

{l + B)p V zdX v + {l-B)p V zdX v + u ll X»\ S x =0 . (15) 



To determine the action we need Green function G(z, w) of the theory. It satisfies the 
following equation 

d z B E G(z,w) = -2n5 i2) (z -w) (16) 



along with the boundary condition (15). The Green function for the case with no boundary 
term {u = 0) has been constructed in || and it has been used in the analysis of non- 
commutative geometry. Extra terms have to be added to this Green function in order to 
satisfy the boundary conditions (|T5|). The Green function with the boundary term is given 
by 

i ~q \ A- B 2 

G(z,u) = -ln\z-u\ 2 -ln(l-zu) -ln(l-zu) + 2f 1 (zQ)-2f 2 (zu) , (17) 

1 + B 1 — B u 



where 



1 1 u /, u \ _i U 



_ + B 

k=i 

oo 



1 1 



(18) 
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To verify that the Greens function ([17]) satisfy the correct boundary conditions it is useful 
to note that the functions fi(z) and f2(z) satisfy the following identity 

u 

(l + B)zdfi(zu)+ufi(zu) = — ln(l-zu) 

1+ u B (19) 
(1 - B)zdf 2 (zcj) +uf 1 (zu) = — -ln(l-zu) . 

1 — JD 

The first step towards determining the effective action is to calculate the partition 
function Z(u) on the disk, 

Z(u) = J VX exp(-I) . (20) 

To simplify our presentation we consider the case where the only non-zero component of 
the -B-field is B12 = —B 2 i = b. The result can be generalized easily as we see below. In 
this case we have two scalar fields X 1 and X 2 with u% = u 2 = u. The boundary term is 
given by 

-1 f deuixHe) + Xi(9)) . (21) 

We need to define quantum operators Xf(9) appearing in ( |21|) . Using point splitting we 
define 

X?(0) = IhnXXiWXtie + e) - f(e) , (22) 

where 

/(e) = -^(l-e'V^Ml-e-) . (23) 



With the above definitions we have 

Now we are ready to calculate the partition function on the disk. We have 

^-InZ = -i- j* d0{{X x {9)X 1 {e)) + (X 2 {e)X 2 {6))) 

__1 2u ~ 1 k + u-b 2 k (25) 
u + 1 + b 2 ^ k(k + u) 2 +b 2 k 2 

In order to integrate for the partition function it is useful to rewrite the right hand side in 
i5f) as follows 



7 1 1 °° 1 — 

a 1 1 ^ 1 (1=555 

-ZnZ = h > 

u 1 - ib ^ 



du u 1 — ib ' k k + 



k=l (l-ib) 



1 1 (1+ib) 



(26) 



1 _U 1'/) £■ 



1 + ib f-^ k k + tt^ty 
k=i O-+10) 

The two sums appearing in (|26| ) are related to Euler function T(u) 



r ^ = vn^+v** > ( 27 ) 

n=l 

where the constant 7 is called Euler constant 

7 = lim (1 + ± + i + . . . + i - In n) . (28) 

n— >oo ^ o n 

The gamma functions has the following property 

rl -.00 

A in r (M )^-- + E^-7. (») 

n=l v ' 



Using this formula we can write (£6|) in the form 

— InZti = - + - — ^ + — lnlY- -) + — lnT(- . 30 

Now it is an elementary exercise to determine the partition function. We find up to a u 
independent normalization constant 

z<„) = oe ^^y(«W«) . (31) 



1 + b 2 / Vl + ib/ VI -ib 



Having determined the partition function for the special case of a single non-vanishing 
component of the B-field it is easy to determine the partition function for the general case. 
Note that the eigenvalues of the matrix 1 _" g2 are and jz^- Using this we then have 

\1 + bJ \l + ib) \l-ib) v ' 

To generalize the term that multiplies Euler's constant we note that 

= TT¥ (33) 

Collecting all the terms we have that the partition function has the form 



Z(u) = uexp( 7 !V T ^)^/de t r( T ^)r( r ^) (34) 

Having determined the partition function, we can calculate the background indepen- 
dent action from 

1 f 2n 

dS = - d9de'{dO(e) {Q,0}{9')) , (35) 

2 Jo 



where 



O = ^cu(Xf + Xl) . (36) 



As before, we first carry out our calculation for the special case of Bi 2 = —B 2 i = b. A 
simple calculation shows that in the presence of a constant S-field 



The ghost correlator that we need in the background independent action is < c(0)cc'(6') >. 
Using the fact that three ghost zero modes on the disk are 1, e ld and e~ 10 , and normalizing 
the ghost measure so that < cc'c"(6) > = 1 

< c(6)cc'(6') > = 2{cos{e - 9') - 1) . (38) 

Consequently the defining equation for S has the form 
1 f 27T 

dS =- / d$ d$' 2(cos(6 - 0') - 1) 



To determine S we need to evaluate the following correlation function 

W = ^cos(6-6')((Xl + Xl)(e)(Xl + Xl)(6')) . (40) 
Jo \2,ti) 

Using the explicit form of the Green's function on the boundary 



G u (9, 6') = 2 f; j k{6 - 6,) — j* 1 *" 



-oo 

oc 



(\k\ + u y + b 2 k 2 



(\k\ + uf + b 2 k 2 



u 

U- 



1-ib 
u 

U+ = TTib ' 
Most of the terms cancel in the sum (013) and we are left with 



The rest of the correlators that appear in (]39| ) can be evaluated, using 



r-2-E 

\ d6 < Xf(d) + Xf (0) >= -8tt 
Jo 



dZ(u) 



du 

d9 r d9' < (Xf(6) + Xl(6))(Xf(6') + Xi(9')) >= (8tt, 
Jo Jo o « 

Using (|44]) and ([|5[) we have 



(41) 



and doing the angular integrations we find 

1 1 °° 1 1 

W ~ 8 ( (1 — i6) 2 ^ \k\+u- \k + 1| + u- + (l + ib) 2 5 + u + \k + l\ + u+) ' ^ 

where 



(43) 



w = -^4^ ( 44 ) 

u 1 + b 2 . K ' 



(45) 



cLS = —Zdu-\ —^—udu — u^—rdu . (46) 

1 + b 2 1 + b 2 du du 2 

Integrating this we get 

*-(i£W : «=)*- <«> 

As before we can again generalize this for an arbitrary constant S-filed background. Using 
the identity = Tr we find that in the general case 



This is our final result for the general form of the space-time action for boundary interac- 
tions we have considered. 

Next we use this to determine effective action for the tachyon field by expanding 
around u = 0. As we have done through out this paper we first consider the case where 
the only non- vanishing component of the S-field is Bi 2 = — B 2 \ = b. Expanding the 
partition function around « = 0we have 

1 4- b 2 

Z = —^ + 0(u 2 ) . (49) 
u 

Rewriting this in terms of the tachyon field T(X) = —u(X 2 + X|) we get 

Z = 1 J dX X dX 2 (l + &2) 1 /2 e - T (X) (5Q) 

To get the partition function for the general case one has to replace 1 + b 2 by det(l + B) 
since det(l + B) = 1 + b 2 . 

So far we have not fixed the overall normalization of the partition function. As we 
mentioned earlier we are free to multiply the partition function by any w-independent 
function. The S-dependence can be fixed by comparing with the Born-Infeld action. We 
find that our partition function for the general case has to be multiplied by a factor 
det _1//2 (l + B). Changing the normalization of ( |50|) we have 



Z = i J dX x dX 2 (l + b 2 ) 1/2 e~ T ^ . (51) 

To find the effective action for the tachyon field we calculate the open string effective 
action S using the partition function ( |51~1) , 

s = ij dXldxM)i ^ + 1 - u lyn^ . (B2 ) 

To evaluate (|52|) we use 

du 



After substituting ( |53D into ( |52| ) and integrating by parts we obtain the action for the 
tachyon field 

S = IJ dX 1 dX 2 y r l + b 2 e~ T ^ ( | (d 1 T(X)d 1 T(X)+d 2 T(X)d 2 T(X))+l+T^j . 

(54) 



To generalize this to an arbitrary constant 5-field we note that 

1 1 1 



1 + b 2 (1-S 2 ) n (1-S 2 ) 



22 



(55) 



Using floo] ) we find that the tachyon action for the general constant background field B is 
of the form 

S = d n X Vdet(l + B)e~ T W (l (^-^j) ^T(X)d u T(X)+l+T(X)) . (56) 

The results of the present paper can be generalized a supersymmetric model 



10|],|Tl],[i2| with non-vanishing S-field. The boundary interaction is 

2tt 2 



f ( 1 1 - \ 

Sboundary = lk U J \X? + \ ( fa — Ipi + 7^ V'i ) J • (57) 



To compute the partition function with the boundary action fl5"7|) we need the fermionic 
Green's functions in the presence of a S-field. In the iVS'-sector we have 

1 P ir{d-d') 

fl + i 

r=Z+l/2 



g f (9-9') = (tp(e)tp(e')) = 2i £ (1 + B ) \ r \ +U e ' 

(58) 



r=Z+l/ 

In addition to these Green's functions we also need the following Green's functions 

r=Z+l/2 V yl 1 

r=Z+l/2 V ' ] 1 



(59) 



The partition function can be determined from the correlator 

2 1 1 

J2(Xf + l&i-^i + ji-ji)) . (60) 

To define this correlator we use the point splitting method 
2 1-1 

i—1 

2 

limV(I^ + e)Xi((9) + §tyi(0 + e)^i{6) + ^(6 + e)^(0))> = ( ° J ' 



lim(2G B (e)+^(e) + ^(e)) . 

e— »0 



As before, the bosonic Green's function can be written as 



2 i n (i _ e *fl) 2 i n (i _ e -ifl) + 1 



(62) 



1 + 5 v ' 1-5 

where = + B) , u- = 1/(1 — B) and 



To evaluate the fermionic Greens function in this limit we first note that the index k in 
Eq. (|59[) runs over one half of an odd number. One can rewrite the sum over odd integers 
as a difference of all integers and even integers. This result in two sums that are similar 
to the bosonic Green function and hence can be written in terms of the function f(u, 9): 



= T— ^(ln|l-e^ 2 | 2 -21n|l-e l9 | 2 + 8/(2 W+ ^)-4/( W+ ^)) 

t (64) 
g F (e) =— —(4ln\l-e l9 / 2 \ 2 -2ln\l-e* e f + 8f(2u-,e)-4f(u_,e)) . 



+ 
1 

+ 

In the supersymmetric case the combination of Green's functions 



lim(2G B (e)+g F (e)+g F (e)) (65) 

is finite so that no regularization is needed. Using the Green's functions constructed above 
we find 

^ = - 1 + t^— !rg (/(«+, °) - f( 2u +' °)) + T^B if{u -> 0) - /(2m "' 0))) " 

J) (66) 

^21n4 

1-B 2 

To integrate for the partition function we recall that the function f(u, 0) can be writen in 
terms of derivatives of Gamma functions. After some simple algebra we find 

ry A , r (^+) r (^~) ,Wln4, 

Z = udet — exp Tr — T (67 

v /T(2u + )T(2u-) K l-B 2) V ; 

The effective action for the tachyon field in the supersymmetric case can be obtained by 
expanding the partition function around u = 0. We carry out this expansion first for the 



case of B12 = b = — i?2i- To get the correct normalization for the tachyon potential one 
has to multiple the effective action Z by det _1//2 (l + B), which results in 

Z( „) = lii±jLi_( 1 + _|_ ln 4) . (68) 

Rewriting this in terms of the tachyon field we have 

S = ij dx 1 dx 2 (l + b 2 ) 1/2 e- T ^(l + ^^((d 1 T(x)) 2 + (d 2 T(x)) 2 )) . (69) 

The effective action for the general case can be easily deduced and we find 

S = ^ jd n xdet 1 / 2 (l + B)e- T ^{l+ln2( T ^)^T(x)d u T(x)) . (70) 

In the supersymmetric case we have used the assumption Q that the effective action is 
given by partition function. Justification of this assumption requires further investigations. 
Clearly one would like to have a generalization of the Eq. (|S|) to the supersymmetric case. 
One would also like to verify that the equation of motion that arise from the effective action 
vanish when the two-dimensional theory with the boundary interaction is conformal []I3J , . 

It would be interesting to try and generalize the calculations of the effective action 
beyond tree level results by including the annulus diagram. In particular it would be 
interesting to see the form of the exponential in the tachyon potential in higher order 
terms, since at the tree the tachyon field seems to be playing the role of the loop counting 
parameter. 
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Note added While completing this work, we learned that similar results to present 
paper has been obtained independently in |TJ . 
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